Abstract. On the basis of three empirical studies Fitts' Law was refined for bivariate pointing tasks on large touch screens. In the first study different target width parameters were investigated. The second study considered the effect of the motion angle. Based on the results of the two studies a refined model for movement time in human-computer interaction was formulated. A third study, which is described here in detail, concerns the validation of the refined model. For the validation study 20 subjects had to execute a bivariate pointing task on a large touch screen. In the experimental task 250 rectangular target objects were displayed at a randomly chosen position on the screen covering a broad range of ID values (ID= [1.01; 4.88]). Compared to existing refinements of Fitts' Law, the new model shows highest predictive validity. A promising field of application of the model is the ergonomic design and evaluation of project management software. By using the refined model, software designers can calculate a priori the appropriate angular position and the size of buttons, menus or icons.
Introduction
Fitts' Law [4] is one of the most important quantitative models in the field of human-computer interaction (HCI). For goal-directed pointing movements Fitts' Law states a linear relationship between movement time (MT) and the difficulty of the task ID (Index of Difficulty): (1) The ID of a movement is defined by the distance between start and target object, the amplitude of the movement (A), and the size of the target as the horizontal target width (W h ). The coefficients a and b are determined empirically by linear regression. By adapting the equation above one can use Fitts' Law to determine "optimal" target sizes and target positions in terms of movement time for information input.
In Fitts' original study the angle between start and target object was 0° (movements to the right) or 180° (movements to the left) and the target size W h was determined by the horizontal target width. Accordingly, the definition of the target size is univariate and the experimental task is one-dimensional. However in human-computer interaction one has to deal with two-dimensional movements. Thus, to use Fitts' Law as a predictive model in the field of HCI one has to consider two factors: The influence of the motion angle and the definition of the target width. The question of how to take account of two-dimensional pointing movements and rectangular, bivariate target objects was investigated and validated in three studies. The consolidated analyses and findings are repeated in the following section.
Literature review

The target width in bivariate pointing tasks
MacKenzie & Buxton [7] analyzed different target width parameters in a bivariate pointing task with a mouse. In order to define the target size of rectangular target objects they investigated three different approach angles 0° (movement to the right), 45° (diagonal movements) and 90° (vertical movements). Five target width models were compared in the study: The horizontal target width (W h ), target height plus target width (W h+w ), object area (W h*w ), target width in the direction of motion W´ (Eq. 2) and a model which considers the shortest length of the sides, the W min model (Eq. 3).
(2) (3) MacKenzie & Buxton found the best fit between model and data for the W min model (R²=0.950), followed by the W´ model which determines the target width in the direction of motion (R²=0.933). Although MacKenzie & Buxton [7] found better fitting for W min , the parameter W' was established in the ISO standard [5] . Nonetheless, the W min model is the de facto standard in most experimental and practical studies.
Accot and Zhai [1] investigated Fitts' Law in a pointing task with a motion angle of 0° (movements to the right) and 180° (movements to the left) with rectangular target objects of different side lengths ratios. The results show a complex interaction of target width and target height. Accot and Zhai [1] suggest the following model: (4) W refers to the horizontal target width and H to the vertical target height. The constant Ș can be chosen within the range of 1/7 and 1/3. A validation of the model yielded a high coefficient of determination of R²=0.994.
The angle in bivariate pointing tasks
As mentioned above, MacKenzie and Buxton [7] arranged rectangular target objects at different angles between start and target objects (0°, 45°, 90°) to investigate the effects of the angle. The results regarding the motion angle showed that movement time was lowest when start and target object were arranged horizontally (0°). In the study of Whisenand and Emurian [10] the angle between start and target object was varied in eight steps 0°, 45°, 90°, 135°, 180°, 225°, 270° and 315°, whereas 0° defines movements to the right and 180° movements to the left. The pointing task was executed with a computer mouse. In accordance with MacKenzie and Buxton [7] the results showed that movement time was lowest for start and target objects that were arranged on a horizontal line (0°, 180°). Iwase and Murata [6, 8] examined movement times using either a computer mouse or a touch panel. They conducted a pointing task with circular target objects for the same motion angles as Whisenand and Emurian used (Į=0°, 45°, 90°, 135°, 180°, 225°, 270°, 315°). For touch panels they found a periodical sinusoidal relationship between movement time and motion angle, whereas no angle effect was found for the pointing task with the mouse.
Appert et al. [2] investigated seven angles in a pointing task with a mouse (Į=0°, 30°, 60°, 90° , 120°, 150°, 180°; for a better understanding and a consistent definition of the angle, the angle Ȗ which was used in the original study was transferred to Į: Ȗ=90°-Į). The highest movement times were found for an angle Į of 90°, the lowest movement times occurred for an angle Į of 0° and 180°. A model was derived from the observation and expanded by the angle. The model reached a high fit of R²=0.960: (5) Yang and Xu [11] 
Evaluation of the state of the art
As initially mentioned, in HCI a typical pointing task is two-dimensional with regard to the principle direction of the movement and bivariate with regard to the target object.
MacKenzie and Buxton [7] presented rectangular target objects at different motion angles to obtain a variation of the target width in the direction of motion W´. However, the variation of the target width and the angle within one experiment can lead to the problem that the effects of the target width might be influenced by the angle. Likewise the effects of the angle might be confounded by effects of the target width. Whisenand and Emurian [10] , Appert et al. [2] and Yang and Xu (2010) used rectangular target objects in their studies and arranged them at different angles. Therefore, the angle effects found in their studies possibly are confounded by the target width in the direction of motion that also varied for different angles. Furthermore, the often insufficient validation of the model has to be criticized. In most studies one data set is used for both, the derivation and the validation of a model. This procedure of testing the model against itself however is tautological (circular reasoning) and necessarily results in a high coefficient of determination.
Previous work of the authors
In order to refine Fitts' Law systematically regarding two-dimensional pointing movements and bivariate target objects two empirical studies with a large touch screen were conducted.
Effect of target width in bivariate pointing tasks
In the first study [9] the two most common target width definitions W min and W´ were analyzed in an empirical study with 15 right-handed subjects aged between 20 and 32 years. In the experimental task rectangular target objects were displayed at a constant angle of 0° (movement to the right) and constant amplitude of 324.3 mm. The target objects were rotated in 10° steps (0° to 90°) around their centre of gravity. Hereby, W´ was varied systematically, whereas W min was kept constant. Based on the results of the study, the W min model was rejected. Furthermore, significant effects of the target height perpendicular to the direction of motion (H´) were found. The best empirical fit was found for a model taking into account the target width in the direction of motion (W´) and the target height perpendicular to the direction of motion (H´): (7) The parameter c was determined empirically by linear regression.
Effect of angle in bivariate pointing tasks
In the second study [3] the motion angle was investigated in a pointing task on a large scaled touch screen. 15 right-handed subjects aged between 21 and 36 years participated in the study. The subjects were divided by age into two groups with 15 persons each. The angle Į between start and target object was varied systematically in 10° steps between 0° (movements to the right) and 180° (movements to the left) for two amplitudes (200 mm, 400 mm). To eliminate confounding influences of the target width, circular target objects were used. The results support Murata's and Iwase's findings [8] , namely that movement time follows a sinus-shaped curve depending on the angle: (8) In Figure 1 the empirical and modeled movement time data are depicted for the two amplitudes. This manifest model yields a high fitting with the experimental data, resulting in a R² of 0.984. Based on the results of both studies a model for two-dimensional pointing and bivariate, rectangular target objects was formulated: (9) The aim of the third study was to examine the predictive validity of the model from Eq. 9.
Method
Subjects
The sample consisted of 20 right-handed subjects, nine women and eleven men, aged between 21 and 35 years (M: 27 years, SD: 4.65 years).
Apparatus
The hardware used to measure the pointing movements was the DiamondTouch screen developed by Circletwelve Inc. The DiamondTouch screen is a tabletop device (projection area 865 mm x 649 mm, 4:3 ratio) with a touch-sensitive surface of 1070 mm in diagonal. The images are projected from top via an LCD projector (1600 x 1200 pixels). Through capacitive coupling between a transmitter array embedded in the touch surface and separate receivers the subjects sit on, the attached control unit can distinguish multiple touch inputs.
Procedure
The pointing task was carried out with the DiamondTouch screen lying on a table with a height of 755 mm. The subjects were seated on a chair in front of the screen. The experimenter demonstrated and supervised a sample target block to familiarize the subject with the task and the test environment. The subjects were instructed to point as fast and accurately as possible. The experimental task consisted of a typical pointing task which was carried out with the right index finger. Starting from a central home position (Ø = 20 mm) at the bottom of the touch screen each subject had to point the same sequence of 250 rectangular target objects four times. The target objects were arranged randomly on the screen. To exclude extremely small or large target objects, boundaries were set for the horizontal and vertical target width of min = 20 mm and max = 60 mm. The target geometry was chosen because in HCI, buttons, menu items and graphical user interface elements are mostly rectangular and possess a greater width than height as they usually contain text. Therefore, the horizontal target width W h was chosen to be higher or equal to the vertical target width W v . The ID of the pointing task is calculated according to Eq. 2. By the arrangement of the 250 target objects (Figure 2, left side) an ID range of [1.01; 4.88] was covered. To avoid an over-or underrepresentation of particular ID values, an approximate uniform frequency distribution was ensured (Figure 2 , right side). Fig. 2 . Arrangement of the 250 target objects (left side) and frequency distribution of ID-ranges (right side).
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Model evaluation
To model the movement time linear and non-linear regression models were developed. To determine the goodness of fit of the corresponding model the coefficient of determination R² was calculated. Figure 3 shows the fit between model and data of Fitts' Law calculated by Eq. 2 in the upper diagram [7] and the enhanced Fitts' Law model of the authors (Eq. 9) in the lower diagram. The model of the authors reaches a higher coefficient of determination with R²=0.937 than the model by MacKenzie and Buxton [7] (R²=0.905). As shown in Figure 3 , the model of the authors explains variability in movement time better, by also taking account of target height and motion angle. A comparison of the goodness of fit of all models (Eq. 1 to Eq. 9) that are considered in this paper can be found in table 1.
Results
All models yielded a fit of R² > 0.896. The highest coefficient of determination of R²=0.937 was found for equation 9, the self-developed model of the authors. 
Discussion
On the basis of two empirical studies, the authors developed a refined model for time prediction of rapid aimed movements on large touch screens. According to the refined model, movement time is a function of task difficulty in and perpendicular to the direction of motion and the angular position of the target object. Within a third study the refined model was compared to existing models regarding their predictive validity. It was found that the refined model explains variability in movement time better than the other models with a high coefficient of determination R²=0.937. However, it has to be considered if the greater predictive validity justifies the additional computational effort. Regarding the predictive validity all models achieve a high value of R 2 > 0.896, whereas the computational effort differs. The decision on the suitability of a particular model depends on the purpose of application. For example if one wants a first estimation about how changing the distance or target size presumably effects the movement time, Fitts' Law can be used with low computational effort in its original formulation [4] (Eq. 1). However, if detailed insights are necessary, the model of the authors (Eq. 9) provides a better prediction. A promising field of application for the proposed model is the ergonomic design of project management software. The model can be used to determine an ergonomic "optimal" angle for the arrangement of buttons and interaction elements in an early conceptual stage of software design. Furthermore, the model can be used a priori to calculate the best proportions of the side lengths for buttons and interaction fields depending on the position on the screen.
